We have used a reliable, updated database of ultrasonic measurements on organic mudrocks that contains components {C ij } of the transversely isotropic elastic tensor, and hence the Thomsen's anisotropy parameters ε and δ, to establish a more useful upper bound of feasible values for C 13 , and hence δ in unconventional mudrock reservoirs than that introduced earlier. The new upper bound δ max ¼ ε is consistent with elliptical anisotropy and represents a much better constraint for these mudrocks. We derive the upper bound C 13 max (and hence δ max ) from Postma's inequality applicable to a thin-layered effective medium composed of kerogen and inorganic phases. The anisotropic moduli of such a composite as given by the Postma-Backus model are well-matched by the experimental data at least in the bedding-normal direction. As for the lower bound δ min , which was suggested by others, we confirm its reliability and usefulness for organic mudrocks.
INTRODUCTION
In unconventional reservoir characterization and development, it is important to obtain the full elastic tensor of the organic mudrocks involved. The most elusive element of this tensor is C 13 , which is necessary for reliable estimates of the Thomsen's anisotropy parameter δ used in many seismic and geomechanics applications. The objective of this paper is to increase awareness of the physical bounds on δ as well as gain insight on the extent to which those bounds can be used as guides for the estimation of anisotropy parameters in field and laboratory measurements in organic mudrocks. As Vernik (2016) explains, "mudrocks" is an all-inclusive term comprising shales, marls, limestones, and siliceous rocks. When referring to unconventional formations, the term shales is widely used, but from petrographic and hence petrophysical points of view, the general term mudrocks should be preferred.
There are several factors influencing the accuracy of the C 13 determined from measurements of ultrasonic velocities in mudrock cores (e.g., Dellinger and Vernik, 1994; Sarout et al., 2015; Vernik, 2016; Yan et al., 2016 Yan et al., , 2018 . The accuracy of the calculated C 13 depends on the accuracy of the measurements of the P-wave phase velocity V P propagating at an oblique angle to the bedding-normal symmetry axis that is different from 0°or 90°(commonly V P45 at θ ¼ 45°). Estimation of the off-symmetry stiffness C 13 based on V P45 becomes highly uncertain due to the confusion between the group and phase velocities when using relatively small transducers to measure the P-wave velocity at oblique angles on large cores. Vernik and Liu (1997) report that the group velocity v P ðψÞ measured along the rays in nonprincipal directions in strongly anisotropic organic mudrocks is significantly lower than the phase velocity V P ðθÞ measured along the wavefront-normal direction (ψ is the group angle -that is, the incident angle of the seismic ray, as opposed to the angle normal to the wavefront, which is the phase angle θ). Most recently, Yan et al. (2018) repeat the numerical simulation experiments of Dellinger and Vernik (1994) and confirm that in many inconsistently designed laboratory tests, the group velocity can be mistaken for the phase velocity (or something in between) with dramatic consequences for C 13 and δ estimates.
The database compiled by Vernik (2016) and used in this study contains only the phase-velocity estimates of V P45 , ensuring that the errors related to the transition to the group-velocity picking are minimized, thereby allowing for accurate computations of the elastic stiffness C 13 and hence the anisotropy parameter δ. This database is almost exclusively based on three-plug measurements of velocity anisotropy in organic mudrocks. To ensure minimal heterogeneity among the three plugs, these are drilled at 0°, 45°, and 90°to the bedding plane possibly close to each other from the same 5 to 6 cm long cores. Density measurements on each plug (with accuracy of AE0.01 g∕cm 3 ) are used as checks on compositional homogeneity; only samples with a density variation of less than 2% among the three plugs are chosen for a subsequent calculation of the C ij components. Equally important in the three-plug measurement technique is the so-called Dellinger-Vernik rule (Dellinger and Vernik, 1994; Yan et al., 2018) . This rule explicitly states that the ratio of the 45°plug length to the piezoelectric transducer diameter should not exceed 3.5 for the most accurate pick of V P45 in strongly anisotropic rocks.
The only exception to the three-plug method in Vernik's database is Hornby's data on organic shale from the Kimmeridge Clay (Hornby, 1998) . Even though they were conducted on whole-core samples and neglected the Dellinger-Vernik rule, these data are included in our database because of the multiple angle measurements with adequate inversion for δ (see also Yan et al., 2018) . By applying strict quality checks, we ensure the fidelity of the data on C 13 and hence δ for transversely isotropic (TI) organic mudrocks to rely upon in this paper. Yan et al. (2013 Yan et al. ( , 2016 derive empirical bounds on C 13 and δ for TI hydrocarbon-source rocks (synonymous to organic mudrocks from unconventional shale reservoirs). To determine the lower bound C Yan 13 min , these authors use an empirical relationship between the two static Poisson's ratios ν 13 and ν 12 (the inequality ν 13 > ν 12 ), which follows from the analysis of published data sets on mudrocks. However, as suggested by Sarout (2017) using the Backus model, the opposite inequality (i.e., ν 13 < ν 12 ) is also possible in a TI elastic medium in general. By crossplotting the δ versus ν 12 ∕ν 13 ratio obtained from multiple dynamic measurements of TI in mudrocks (e.g., Yan et al., 2016) , we find that examples of such behavior (i.e., ν 13 < ν 12 and δ → 0 or even negative values) are most typically found in the whole-core measurements of Wang (2002) and Jakobsen and Johansen (2000) . Obviously, many of the experimental data reported by those authors either did not comply with the DellingerVernik rule or no adequate inversion for phase velocity was performed to possibly alleviate the problem. In this paper, by focusing on the quality-checked database of dynamic measurements, we confirm the reliability of ν 13 > ν 12 and hence accept the lower bound C Yan 13 min and δ min , as expressed in terms of diagonal TI tensor components of organic mudrocks. Chichinina et al. (2015) find that this lower bound coincides with C LS 13 for the linear-slip (i.e., displacement discontinuity) model of Schoenberg (1980) .
The main focus of this study is the upper bounds C 13 max and δ max . We will demonstrate that the former upper bound C Yan 13 max (and hence δ max ) established by Yan et al. (2016) does not adequately constrain the most reliable experimental data on organic mudrocks. We present more meaningful upper bounds C 13 max and δ max , which are consistent with Postma's (1955) formula originally derived for an effective thin-layered medium composed of two alternating layers. The Postma model, which was later refined and expanded upon by Backus (1962) , was applied to organic mudrocks by Vernik and Nur (1992) , who observe the microlaminated fabric typical for these rocks using high-resolution secondary electron microscopy (SEM) images. We also present evidence that, albeit a much more plausible physical model for organic mudrocks is an aggregation of the beddingplaned-controlled lenses of the inorganic phase effectively insulated by the latticework of kerogen in the vertical and horizontal directions (Vernik, 2016) , the Postma inequality is quite useful in providing the upper bound on C 13 and δ as a function of ε.
LOWER AND UPPER BOUNDS ON C 13
As mentioned above, the upper and lower bounds on C 13 were derived from theoretical and/or empirical relationships between Poisson's ratios ν 13 , ν 12 , and ν 31 (e.g., Yan et al., 2016) ; for that, the following formulas were used that express ν 13 , ν 12 , and ν 31 through the components of the stiffness tensor C ij (Fedorov, 1968) :
The lower bound C 13 min Yan et al. (2016) establish the following lower bound for C 13 :
which is based on the empirical relationship between the two horizontal Poisson's ratios ν 13 and ν 12 :
that holds for the vast majority of the organic mudrocks considered here according to the database compiled by Vernik (2016) . As reported by Chichinina (2017) , equation 4 coincides with C 13 , as derived from the linear-slip (or displacement discontinuity) model:
where the superscript LS defines the linear slip on bedding-parallel discontinuities used in the model of Schoenberg (1980; see also Schoenberg and Sayers, 1995) . This lower bound is quite consistent with our database displayed in Figure 1 , so we alter Chichinina's (2017) conclusions and demonstrate that C Yan 13 min of Yan et al. (2016) holds for the vast majority of organic mudrocks. Thus, we switch our focus to the upper bound C 13 max .
Upper bound C 13 max Yan et al. (2016) also suggest an upper bound for C 13 based on the condition of positive vertical Poisson's ratio ν 31 :
which results in the following constraint:
However, defined this way, the upper bound turns out to be too liberal with respect to our database ( Figure 1 ). As will be shown below, this upper bound is hardly useful in constraining anisotropy parameter δ based on ε.
On the other hand, an attempt to tighten the upper bound for С 13 by using the empirical inequality (Far, 2018) ν 31 < ν 12 (9)
yields an upper bound that is too restrictive and is often violated by laboratory data, especially those acquired at low-to-moderate effective-stress levels typical of many unconventional shale reservoirs (Vernik, 2016) . The discrepancy is related to the fact that inequality 9 is not quite unique in these lithologies and many examples to the contrary can be found:
Based on the results of Yan et al. (2016) and Far (2018) , we suggest that it is impossible to derive a reliable upper bound for C 13 simply relying on the relationships among Poisson's ratios, so an alternative approach is warranted. One way to explore how to better constrain the experimental data is to use Postma's (1955) inequality for a thin-bedded composite:
As shown in Figure 1 , this upper bound on C 13 provides an excellent constraint for our database of organic mudrocks. An upper bound defined in equation 12 is heuristic because it assumes that organic mudrocks are perfectly thin-layered lithologies, which is not exactly the case based on the high-resolution SEM images and anisotropic velocity measurements on core plugs (Vernik, 2016) . We will expand upon this later.
LOWER AND UPPER BOUNDS ON δ
As stated above, the lower bound on C 13 proposed by Yan et al. (2013 Yan et al. ( , 2016 yields δ min , which describes the experimental-data distribution rather accurately in ε versus δ space (Figure 2 ). This bound approximately corresponds to the linear constraint given by 0.15ε (Vernik, 2016) .
The equation for the lower bound is derived by Yan et al. (2016) :
where r o ¼ β o ∕α o ; α o and β o are the P-and S-wave velocities along the TI symmetry axis, respectively, α o ¼ V P ð0°Þ ¼ V P0 , and
The term γ is the anisotropy parameter defined by Thomsen (1986) : γ ¼ ðC 66 − C 44 Þ∕ð2C 44 Þ. To plot δ min in Figure 2 , we use the reasonable assumptions of Vernik (2016) that γ ¼ 0.9ε and r o ¼ 0.61 in equation 13, which are the average values in the database. Again, the lower bound δ min obtained from equation 13 coincides with the anisotropy parameter δ LS of the linearslip model δ min ¼ δ LS which also implies that the latter may not be used in predictive models for δ ¼ fðεÞ.
To determine δ max , we use equation 12 for C max 13 , which is strictly applicable to a thin-layer composite only (Postma, 1955) . Due to some textural similarities with such a composite, Vernik and Nur (1992) and Vernik (2016) apply the Postma-Backus 2C thin-layer effective-medium model to study the bedding-normal stiffnesses and velocities of organic mudrocks and find it to be reasonably accurate. Figure 3b displays a greatly idealized sketch of the highresolution SEM image of the Eagle Ford marl shown in Figure 3a . Simultaneously, it was noted that the Postma-Backus model with kerogen and TI inorganic phases fails to accurately predict moduli measured in the plane of symmetry, i.e., parallel to the bedding plane (Vernik and Nur, 1992; Vernik, 2016) . Figure 1 . The experimental data on C 13 (the red points) obtained from velocity measurements at high effective stress in organic mudrocks (Vernik, 2016, chapter 6, table 4, pressure 50-70 MPa) , and the upper bound, predicted in two different ways, C 13 max and C Yan 13 max , discussed in the text. The lower bound C LS 13 is also displayed. Figure 2 . Laboratory data on δ versus ε in organic mudrocks, obtained at 50-70 MPa (red) and 20 MPa (green) confining stress levels, superposed by the proposed lower and upper bounds on δ.
Note that the upper bound δ max corresponds to δ ¼ ε (delineated by bold solid blue line), whereas the lower bound δ LS is given by the linear-slip model. The upper bound δ þ proposed by Yan et al. (2016) is obviously too loose and not quite useful to constrain δ. The data obtained at 50-70 MPa are the same as used in Figure 1 . Measurements at 20 MPa are added (Vernik, 2016, table 5 , chapter 6) to indicate the stress effect on δ ¼ fðεÞ.
Physical bounds on C 13
The resulting upper bound δ max coincides with the line δ ¼ ε (Figure 2 ). This equality, which corresponds to elliptical TI, follows from equation 12 and the definition of the anisotropy parameter δ (Thomsen, 1986) δ
Indeed, replacing the term ðC 13 þ C 44 Þ 2 in equation 14 with ðC 11 − C 44 ÞðC 33 − C 44 Þ from equation 11 yields
which is the expression for the anisotropy parameter ε (Thomsen, 1986) :
As shown in Figure 2 , the new upper bound δ max , defined in equation 15, i.e., δ ¼ ε, provides an excellent constraint for our database of organic mudrocks.
DISCUSSION
The question to be discussed is: Why does equation 11 of Postma (1955) , as derived for thin-layer composite, provide the excellent upper bound on the anisotropy parameter δ as a function of ε for the extensive database of experimental data on organic mudrocks, albeit characterized by kerogen and/or pyrobitumen microlayers obviously complicated by cross-laminations comprising a continuous latticework of organic matter? Vernik and Liu (1997) and Vernik (2016) report that as the kerogen content increases, the Backus model increasingly overpredicts the bedding-parallel stiffness parameters C 11 and C 66 , whereas the data on bedding-normal stiffness parameters C 33 and C 44 can be matched quite accurately. In an attempt to explain the discrepancy, a heuristic modification of the Backus model was introduced by Vernik and Liu (1997) to soften the bedding-parallel elastic moduli, which resulted in a much-improved fit to the data. The interpretation of a pervasive latticework of porous kerogen separating the lenticular inclusions of the inorganic phase (Figure 3b ) was later confirmed by Sayers (2013) , who uses an effective-field theory of Sevostianov et al. (2005) .
The fact that the Postma inequality provides a solid upper bound on δ as a function of ε may suggest that kerogen laminations controlling the bedding-normal elasticity, despite the presence of kerogen cross-laminations and lenticular inclusions, also limit the offdiagonal tensor element C 13 and hence δ. It should be emphasized that the modification of the Postma-Backus model reduces the kerogen effect on anisotropy, which would be more dramatic for the perfect thin-layer composite. Because we constrain δ using ε, the effect of kerogen on δ is proportionately reduced as well, which can partially explain the applicability of the Postma inequality to organic mudrocks.
CONCLUSION
We have updated the bounds for the reliable values for the elastictensor component C 13 and the Thomsen's anisotropy parameter δ in organic mudrocks by introducing a tighter upper bound on C 13 max and on δ max as a function of ε that follow from the Postma inequality. Simultaneously, we confirm the accuracy of the lower bound δ min proposed in an earlier work, which coincides with δ of the linear-slip model: δ min ¼ δ LS . Consequently, we emphasize that no reliable predictive models, as opposed to the bounds, for δ ¼ fðεÞ can be based on the linear-slip model.
The most important result of this study is that the upper bound δ max coincides with the Thomsen's anisotropy parameter ε; that is, the anisotropy parameter δ must be smaller than ε in organic mudrocks: δ < ε, which implies anelliptical TI. We did not theoretically prove C 13 max and hence δ max , but we simply relied on the PostmaBackus model, which is strictly applicable only to the bedding-normal elastic moduli in organic mudrocks. Again, this model can merely constrain, but not predict δ ¼ fðεÞ.
To prove that the Postma inequality holds in organic mudrocks, one would need to model the effect of kerogen on all five stiffness elements {C ij }, including C 13 , clearly a subject for future research. Respectively, our findings regarding the upper bound on the anisotropy parameter δ max ¼ ε should be considered quite heuristic. Further investigation is warranted to reveal if any predictive relationships exists between the bounds of C 13 (hence the bounds of δ) and the kerogen content and texture. In the meantime, for practical purposes, we propose the following general rule for organic mudrocks in seismic modeling and geomechanics applications: δ ¼ ð0.5 AE 0.2Þε. 
